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Abstract
A prime labeling of a graph with n vertices is a labeling of its vertices with distinct
integers from {1, 2, . . . , n} in such a way that the labels of any two adjacent vertices are
relatively prime. T. Varkey conjectured that ladder graphs have a prime labeling. We prove
this conjecture.
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1 Introduction
Let G be a simple graph with n vertices. A prime labeling of G is a labeling of its vertices with
distinct integers from {1, 2, . . . , n} in such a way that the labels of any two adjacent vertices are
relatively prime. The coprime graph of integers (see [14, Section 7.4]) has the set of all integers
as vertex set where two vertices are adjacent if and only if they are relatively prime. So, for
an n-vertex graph, having a prime labeling is equivalent to being a subgraph of the induced
subgraph on {1, 2, . . . , n} by the coprime graph of integers. Many properties of the coprime
graph of integers including identifying its subgraphs were studied by Ahlswede and Khachatrian
[1, 2, 3], Erdo˝s [5, 6, 7], Erdo˝s, Sa´rko¨zy, and Szemere´di [9, 10], Szabo´ and To´th [18], Erdo˝s and
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Sa´rko¨zy [8, 11], and Sa´rko¨zy [15]. Also for a survey on the known results on this subject see
[14].
The notion of prime labeling originated with Entringer and was introduced in [19]. Entringer
around 1980 conjectured that all trees have a prime labeling. Little progress was made on this
conjecture until recently where in [13] it is proved that there is an integer n0 such all trees with
at least n0 vertices have a prime labeling. Besides that, several classes of graphs have been
shown to have a prime labeling, see [12] and the aforementioned papers on coprime graphs for
more details. One of the graph classes for which the existence of prime labeling is unknown are
ladders. Letting Pn denote the path graph on n vertices, the Cartesian product Pn×P2 is called
the n-ladder graph. The purpose of this paper is to prove the following theorem.
Theorem 1. Ladders have a prime labeling.
This result confirms a conjecture of [12, 20]. Partial results on this conjecture have been reported
in [4, 12, 16, 17, 20].
2 Proof of Theorem 1
In this section we give a proof for Theorem 1. Let’s say that a labeled square
a b
d c
fulfils the cross condition if the labels of its vertices satisfy
gcd(a, d) = gcd(b, c) = gcd(a, c) = gcd(b, d) = 1.
If we have a labeled ladder every square of which fulfils the cross condition, then we can alter-
nately flip the labels of vertical edges, and as a result we obtain a ladder with a prime labeling.
Therefore, it suffices to prove that ladders have a labeling for which every square fulfils the
cross condition. We fix an integer n ≥ 4, and show that the n-ladder has such a labeling. The
assertion for n ≤ 3 can be verified easily.
For any positive integer k we set
ak := 6k − 3 and bk := 6k − 1.
We start with the following labeled (r + s)-ladder
· · ·
· · ·
· · ·
· · ·
bs b2 b1 a1 a2 ar
bs + 1 b2 + 1 b1 + 1 a1 + 1 a2 + 1 ar + 1
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where r = ⌊(n + 1)/3⌋ and s = ⌊n/3⌋. Our goal is to complete this to a labeled n-ladder in
which every square fulfils the cross condition.
For positive integers ℓ satisfying
(5 | ℓ+ 3, 7 | ℓ+ 1) or (5 | ℓ, 7 | ℓ+ 3), (1)
we define cℓ := aℓ − 2 and we set
C := {cℓ : aℓ − 2 ≤ 2n − 1}.
(Note that the smallest ℓ satisfying (1) is ℓ = 25, and so the smallest n for which C is nonempty
is 73.) If cℓ exists, we ‘insert’ it between aℓ and aℓ+1 as follows.
aℓ + 1 cℓ + 1 aℓ+1 + 1
aℓ cℓ aℓ+1
In what follows by inserting an integer between two other ones, we mean the same thing as what
we did above for cℓ and aℓ, aℓ+1. Note that here it is possible that aℓ+1 be larger than 2n and
may not be presented in our labeling. Now, let
D := {6ℓ+ 1 : 13 ≤ 6ℓ+ 1 ≤ 2n − 1} \ C.
If 6ℓ+ 1 ∈ D and ℓ satisfies
5 | ℓ+ 1 or (5 | ℓ+ 3, 7 ∤ ℓ+ 1) or (7 | ℓ+ 3, 5 ∤ ℓ, 5 ∤ ℓ+ 2), (2)
then we insert 6ℓ+ 1 between aℓ and aℓ+1:
aℓ + 1 6ℓ+ 2 aℓ+1 + 1
aℓ 6ℓ+ 1 aℓ+1
If 6ℓ + 1 ∈ D and ℓ does not satisfy (2), then we insert 6ℓ + 1 between bℓ and bℓ+1. Note that
if ℓ satisfies (2), it does not satisfy (1) and so no integer from C is already inserted between aℓ
and aℓ+1. Finally we insert 7 between a1 and b1. By now, we have a labeled (n− 1)-ladder with
labels 3, . . . , 2n. We will insert 1 in an appropriate place later on.
Before going further with the proof, we present an example to clarify the strategy outlined
above.
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Example 2. Let n = 9 and then r = s = 3. We first build the (r+ s)-ladder with the following
labeling:
17 11 5 3 9 15
18 12 6 4 10 16
In this 6-ladder, the middle and far-right labeled squares do not fulfil the cross condition. Here,
the set C is empty, and D = {13}. So we insert 13 between a2 = 9 and a3 = 15 yielding the
following labeling of the 7-ladder:
17 11 5 3 9 13 15
18 12 6 4 10 14 16
This edge addition fixes the far-right labeled square of the former 6-ladder so that the cross
condition now exists in the two newly formed labeled squares. Lastly, we place a vertical edge
with the label 7 between a1 = 3 and b1 = 5 to create the following 8-ladder:
17 11 5 7 3 9 13 15
18 12 6 8 4 10 14 16
All the squares of the 8-ladder fulfil the cross condition. Finally, we insert 1 between any two
vertices to obtain a 9-ladder with a prime labeling.
Remark 3. In what follows we frequently make use of the facts that for integers u, v, h,
gcd(u, v) = gcd(u, v + uh).
Now, back to the proof, we list all the possible squares of our labeled ladder and verify if
they fulfil the cross condition.
8 a1 + 1
7 a1
Clearly fulfils the cross condition.
ak + 1 ck + 1
ak ck
gcd(ak, ck + 1) = gcd(ak, ak − 1) = 1,
gcd(ck, ak + 1) = gcd(ak − 2, ak + 1) = gcd(3, 6k − 2) = 1.
ck + 1 ak+1 + 1
ck ak+1
gcd(ck, ak+1 + 1) = gcd(6k − 5, 6k + 4) = gcd(9, 6k + 4) = 1,
gcd(ak+1, ck + 1) = gcd(6k + 3, 6k − 4) = gcd(7, k + 4) = 1 (as k satisfies (1)).
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ak + 1 6k + 2
ak 6k + 1
gcd(6k + 1, ak + 1) = gcd(6k + 1, 6k + 2) = 1,
gcd(ak, 6k + 2) = gcd(6k − 3, 6k + 2) = gcd(5, k + 2) = 1 (as k satisfies (2)).
6k + 2 ak+1 + 1
6k + 1 ak+1
gcd(6k + 1, ak+1 + 1) = gcd(6k + 1, 6k + 4) = gcd(3, 6k + 4) = 1,
gcd(ak+1, 6k + 2) = gcd(6k + 3, 6k + 2) = 1.
b1 + 1 8
b1 7
Clearly fulfils the cross condition.
6k + 2 bk + 1
6k + 1 bk
gcd(6k + 1, bk + 1) = gcd(6k + 1, 6k) = 1,
gcd(bk, 6k + 2) = gcd(6k − 1, 6k + 2) = 1.
bk+1 + 1 6k + 2
bk+1 6k + 1
gcd(bk+1, 6k + 2) = gcd(6k + 5, 6k + 2) = 1,
gcd(6k + 1, bk+1 + 1) = gcd(6k + 1, 6k + 6)
= gcd(5, k + 1) = 1 (as k does not satisfy (2)).
It remains to consider the following two possible squares
ak + 1 ak+1 + 1
ak ak+1
bk+1 + 1 bk + 1
bk+1 bk
which we call ak-square and bk-square, respectively. It turns out that in some situations these
two do not fulfil the cross condition, in which cases we need to replace some of the labels already
assigned. These two types of squares will be handled in the following subsections.
2.1 ak-squares
2.1.1 ak-squares with 7 ∤ k + 3 or 5 ∤ k + 2
We show that in this case, ak-squares fulfil the cross condition. Set
d1 := gcd(ak, ak+1 + 1) = gcd(6k − 3, 6k + 4) = gcd(7, k + 3),
d2 := gcd(ak+1, ak + 1) = gcd(6k + 3, 6k − 2) = gcd(5, k + 3).
We have 7 ∤ k + 3 or 5 ∤ k + 2. First suppose that 7 ∤ k + 3. So d1 = 1. For a contradiction,
assume that d2 > 1, and so 5 | k + 3. If it happens that 6k + 1 = ck+1 ∈ C, then ℓ = k + 1
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satisfies (1), so 5 | k+4 or 5 | k+1 which is impossible. In addition, 6k+1 6= 7. It follows that
6k+1 ∈ D. If 7 ∤ k+1, then ℓ = k satisfies (2), so 6k+1 must be already between ak and ak+1,
a contradiction. If 7 | k + 1, then ℓ = k satisfies (1), so ck exists and must be already between
ak and ak+1, again a contradiction. It follows that d2 = 1.
Now assume that 7 | k+3 and 5 ∤ k+2. Again 6k+1 ∈ D, since otherwise 6k+1 = ck+1 ∈ C
which means that ℓ = k + 1 satisfies (1), hence 7 | k + 2 or 7 | k + 4 which is impossible. We
also have 5 ∤ k, since otherwise ck exists, so it must had been placed between ak and ak+1, a
contradiction. It turns out that ℓ = k satisfies (2), so 6k + 1 must be already between ak and
ak+1, again a contradiction.
2.1.2 ak-squares with 7 | k + 3 and 5 | k + 2
In this case we have k = 35q−17 for some positive integer q. Let m = ak = 210q−105. It turns
out that in this case ak-square do not fulfil the cross condition. To overcome this obstacle, we
exchange some of the labels around ak.
For k = 35q− 17, it can be easily seen that ck+1 does not exist and 6(k+1)+ 1 = 210q− 95
belongs to D and ℓ = k + 1 satisfies (2). Hence 210q − 95 is already inserted between ak+1 and
ak+2.
Case 1. 11 ∤ m and 11m > 2n.
• If 210q − 94 ≤ 2n, then we change the original labeling
· · ·
· · ·
· · ·
· · ·
210q − 105 210q − 99 210q − 95 210q − 93
210q − 104 210q − 98 210q − 94 210q − 92
to the following:
· · ·
· · ·
· · ·
· · ·
210q − 105 210q − 99 210q − 95 210q − 93
210q − 104 210q−94 210q−98 210q − 92
This changes the labeling of three consecutive squares above and as a result all three new
squares fulfil the cross condition.
• If 210q − 94 > 2n, then we change the labeling as follows:
· · ·
· · ·
210q − 104 210q − 98
210q − 105 210q − 99
−→
· · ·
· · ·
210q − 104 2 210q − 98
210q − 105 1 210q − 99
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Case 2. 11 ∤ m and 11m < 2n.
Let t be the maximum integer with 11tm < 2n.
• If 11 ∤ m− 1, then we change the original labeling
· · ·
· · ·
· · ·
· · ·
210q − 107 210q − 105 210q − 99 210q − 95 210q − 93
210q − 106 210q − 104 210q − 98 210q − 94 210q − 92
to the following:
· · ·
· · ·
· · ·
· · ·
· · ·
· · ·
210q − 107 11m 11tm 210q − 105 210q − 99 210q − 95 210q − 93
210q − 106 11m − 1 11tm− 1 210q−94 210q−104 210q−98 210q − 92
• If 11 | m− 1, then we change the original labeling
· · ·
· · ·
· · ·
· · ·
210q − 111 210q − 107 210q − 105 210q − 99 210q − 95 210q − 93
210q − 110 210q − 106 210q − 104 210q − 98 210q − 94 210q − 92
to the following:
· · ·
· · ·
· · ·
· · ·
· · ·
· · ·
210q − 111 210q−99 210q − 105 11tm 11m 210q−107 210q − 95 210q − 93
210q − 110 210q − 106 210q−94 11tm− 1 11m − 1 210q−104 210q−98 210q − 92
Case 3. 11 | m.
As 11 | m, it follows that there are integers s, q′ such that m = 11s(210q′ − 105) where
11 ∤ 210q′ − 105. So as we did in Case 2, m and m− 1 has been already replaced to elsewhere.
Hence we can change the labels as follows:
· · ·
· · ·
· · ·
· · ·
210q − 111 210q − 107 210q − 105 210q − 99
210q − 110 210q − 106 210q − 104 210q − 98
−→
· · ·
· · ·
· · ·
· · ·
210q − 110 210q−104 210q − 98
210q − 111 210q−107 210q − 99
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2.2 bk-squares
2.2.1 bk-squares with 7 ∤ k + 1 or 5 ∤ k + 1
We show that in this case bk-squares fulfil the cross condition. Set
d1 := gcd(bk+1, bk + 1) = gcd(5, k),
d2 := gcd(bk, bk+1 + 1) = gcd(7, k + 1).
For a contradiction, suppose that d1 > 1, so 5 | k. We have 6k + 1 ∈ D since otherwise, as
6k + 1 6= 7, we have 6k + 1 = ck+1 and so ℓ = k + 1 must satisfy (1) which is impossible. As
ℓ = k does not satisfy (2), 6k + 1 must had been inserted between bk and bk+1, a contradiction.
Therefore, d1 = 1.
If 7 ∤ k+1, then d2 = 1. Assume that 7 | k+1 and 5 ∤ k+1. Since ℓ = k+1 does not satisfy
(1), we have necessarily 6k + 1 ∈ D. As 5 ∤ k + 1, ℓ = k does not satisfy (2), and so 6k + 1 is
already inserted between bk and bk+1, a contradiction.
2.2.2 bk-squares with 7 | k + 1 and 5 | k + 1
In this case we have k = 35q − 1 for some positive integer q. Let m = bk+1 + 1 = 210q. It turns
out that in this case bk-squares do not fulfil the cross condition and as before we exchange some
of the labels around bk.
Case 1. 11 ∤ m and 11m ≥ 2n.
We change the original labeling
· · ·
· · ·
· · ·
· · ·
210q − 1 210q − 7 210q − 11 210q − 13
210q 210q − 6 210q − 10 210q − 12
to the following:
· · ·
· · ·
· · ·
· · ·
210q − 1 210q − 11 210q − 7 210q − 13
210q 210q − 6 210q − 10 210q − 2
Case 2. 11 ∤ m and 11m < 2n.
Let t be the maximum integer with 11tm < 2n.
• If 11 ∤ m+ 1, then we change the original labeling
· · ·
· · ·
· · ·
· · ·
210q + 1 210q − 1 210q − 7 210q − 11 210q − 13
210q + 2 210q 210q − 6 210q − 10 210q − 12
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to the following:
· · ·
· · ·
· · ·
· · ·
· · ·
· · ·
210q + 1 11m + 1 11tm+ 1 210q−11 210q−1 210q−7 210q − 13
210q + 2 11m 11tm 210q 210q − 6 210q − 10 210q − 12
• If 11 | m+ 1, then we change the original labeling
· · ·
· · ·
· · ·
· · ·
210q + 5 210q + 1 210q − 1 210q − 7 210q − 11 210q − 13
210q + 6 210q + 2 210q 210q − 6 210q − 10 210q − 12
to the following:
· · ·
· · ·
· · ·
· · ·
· · ·
· · ·
210q + 5 210q + 1 210q − 11 11tm+ 1 11m+ 1 210q − 1 210q − 7 210q − 13
210q + 6 210q−6 210q 11tm 11m 210q+2 210q − 10 210q − 12
Case 3. 11 | m.
• If m < 2n, then m = 11s(210q′) for some positive integers s, q′ with 11 ∤ 210q′. So as we
did in Case 2, m and m+1 has been already replaced to elsewhere. Hence we can change
the labels as follows:
· · ·
· · ·
· · ·
· · ·
210q + 5 210q + 1 210q − 1 210q − 7
210q + 6 210q + 2 210q 210q − 6
−→
· · ·
· · ·
· · ·
· · ·
210q + 6 210q+2 210q − 6
210q + 5 210q -1 210q − 7
• If m = 2n, then we insert 1 between bk and bk+1:
· · ·
· · ·
210q − 1 210q − 7
210q 210q − 6
−→
· · ·
· · ·
210q − 1 1 210q − 7
210q 2 210q − 6
Finally if the labels 1 and 2 have not been used, we may insert 1 between any two vertices.
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